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m Let's consider the following model : y; = By + S1x; + u;.
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Consequences of heteroscedasticity on OLS estimates
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m Let's consider the following model : y; = By + S1x; + u;.
2

m If u; are heteroscedastic, then V(§1) # constante (# SZ_—T)
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Consequences of heteroscedasticity on OLS estimates
[e]e]e] lo}

Consequences

No consequence on
m whether B\l is biased or not; consistent or not;
m whether R2 or R2 are consistent or not
Consequences on
m Var(B,): it is biased (OLS no more efficient)

m and thus, on the validity of inferences made (based on IC, t-stat, F
stat, etc.)
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If u; are heteroscedastic, then

m V[u/x] = o?

Questions are
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Consequences of heteroscedasticity on OLS estimates
[e]e]ee] }

If u; are heteroscedastic, then

m V[u/x] = o?
-~ h Xi — X 20',-2
m V(5)= ﬁ

Questions are
m Can we test the presence of heteroscedasticity ?

m Is there a way to estimate V(El) that is minimized and determine if
t and F follow known distributions 7
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Testing the presence of heteroscedasticity
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Testing the presence of heteroscedasticity
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The Breusch-Pagan test (1)

Starting point
By =fo+ fixa+ Baxe + (...) + u (*¥)
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The Breusch-Pagan test (1)

Starting point

By = fo+ Buxa+ Baxe + (-..) + u (*)
m We assume (A1)’ to (A4)’ are verified
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The Breusch-Pagan test (1)

Starting point

By = fo+ Buxa+ Baxe + (-..) + u (*)
m We assume (A1)’ to (A4)’ are verified
m We test HO : Var(u/x1, x2, ..., xx) = 02
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Testing the presence of heteroscedasticity
0O®@00000000

The Breusch-Pagan test (1)

Starting point

By =0+ Fix1+ Paxo + () +u (*)

m We assume (A1)’ to (A4)’ are verified

m We test HO : Var(u/x1, x2, ..., xx) = 02

m Since E(u/X) =0, then we can rewritte HO :
Var(u/X) = E(v?/X) = E(v?) = o2
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Testing the presence of heteroscedasticity
0O®@00000000

The Breusch-Pagan test (1)

Starting point

y =00+ Bix1+ Baxo + (...) + u (¥)

We assume (A1)’ to (A4)’ are verified

We test HO : Var(u/x1, x2, ..., xk) = 0>

Since E(u/X) =0, then we can rewritte HO :
Var(u/X) = E(v?/X) = E(v?) = o2

m How test HO 7
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The Breusch-Pagan test (2)

How test HO ?

] U2 = 50 + (51X1 + 52X2 + () +v (**)
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The Breusch-Pagan test (2)

How test HO ?

| U2 = 50 + (51X1 + 52X2 + () +v (**)
m We assume E(v/X) =0
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Testing the presence of heteroscedasticity
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The Breusch-Pagan test (2)

How test HO ?

| U2 = 50 + (51X1 + 52X2 + () +v (**)
m We assume E(v/X) =0
IHOZ(51:52:(51(:0
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Testing the presence of heteroscedasticity
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The Breusch-Pagan test (2)

How test HO ?

] U2 = 50 + (51X1 + 52X2 + () +v (**)

m We assume E(v/X) =0

m HO: (51:(52:(5;(:0

m In other words, testing whether u is homoscedastic in (*) amounts
to testing the global significance of the model (**)
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Testing the presence of heteroscedasticity
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The Breusch-Pagan test (2)

How test HO ?

u? = 8o+ d1x1 + daxa + (o) + v (*%)

We assume E(v/X) =0

HO : (51:(52:(5;(:0

In other words, testing whether u is homoscedastic in (*) amounts
to testing the global significance of the model (**)

m We know how to implement such a test if () verifies the
hypothesis of the CLM or if () verifies (A1)’ to (A5)" and n is
large %{so we suppose that v is homoscedastic here 7}
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Testing the presence of heteroscedasticity
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The Breusch-Pagan test (2)

How test HO ?

u? = 8o+ d1x1 + daxa + (o) + v (*%)

We assume E(v/X) =0

HO : (51:(52:(5;(:0

In other words, testing whether u is homoscedastic in (*) amounts

to testing the global significance of the model (**)

m We know how to implement such a test if () verifies the
hypothesis of the CLM or if () verifies (A1)’ to (A5)" and n is
large %{so we suppose that v is homoscedastic here 7}

m Pb: We do not know u? !
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The Breusch-Pagan test (3)

How test HO ?

- do + d1x1 + daxa + (...) + error (¥**)
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The Breusch-Pagan test (3)

How test HO ?

- do + d1x1 + daxa + (...) + error (¥**)

m We know how to test the global significance of this last model if
(***) verifies (A1) to (A5)" and n is large {so we suppose that error
is homoscedastic?}
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Testing the presence of heteroscedasticity
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The Breusch-Pagan test (3)

How test HO ?

B 2 =0p + dix1 + daxa + (...) + error (¥**)

m We know how to test the global significance of this last model if
(***) verifies (A1) to (A5)" and n is large {so we suppose that error
is homoscedastic?}

R [k
u

(- RL)/(n— k1)

distribution ({not demonstrated})

m Specifically, if nis large, F = follows a Fisher
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Testing the presence of heteroscedasticity
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The Breusch-Pagan test (3)

How test HO ?

B 2 =0p + dix1 + daxa + (...) + error (¥**)

m We know how to test the global significance of this last model if
(***) verifies (A1) to (A5)" and n is large {so we suppose that error
is homoscedastic?}

R [k
u

(- RL)/(n— k1)

distribution ({not demonstrated})

m If F > critical value (read on the Fisher Table), then we reject HO
(we reject the hyp. of homoscedasticity)

m Specifically, if nis large, F = follows a Fisher
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Testing the presence of heteroscedasticity
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The Breusch-Pagan test (3)

How test HO ?

- 8o + 01x1 + daxa + (...) + error (¥**)
m We know how to test the global significance of this last model if
(***) verifies (A1) to (A5)" and n is large {so we suppose that error
is homoscedastic?}
R%/k

m Specifically, if nis large, F = i R%)/(n S follows a Fisher
u

distribution ({not demonstrated})
m If F > critical value (read on the Fisher Table), then we reject HO

(we reject the hyp. of homoscedasticity)

m An other version of this test is LM = nx R% which follows a
distribution of KhiZ. If LM > critical value (read in the Khi} Table),
then we reject HO.
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Testing the presence of heteroscedasticity
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The Breusch-Pagan test (3)

How test HO ?

- 8o + 01x1 + daxa + (...) + error (¥**)

m We know how to test the global significance of this last model if
(***) verifies (A1)’ to (A5)" and n is large {so we suppose that error
is homoscedastic?}

_ R%/k
m Specifically, if nis large, F = i R%)/(n S follows a Fisher

distribution ({not demonstrated})
m If F > critical value (read on the Fisher Table), then we reject HO

(we reject the hyp. of homoscedasticity)
m An other version of this test is LM = n x R% which follows a
distribution of KhiZ. If LM > critical value (read in the Khi} Table),

then we reject HO.
m This last test is known as the Breusch Pagan Test
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Testing the presence of heteroscedasticity
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The Breusch-Pagan test (4)

Steps for implementing the Breusch-Pagan test
Estimate (*) and save the residuals
Estimate (**) and save the value of the R2
Compute the value of F or of LM
A Conclude at a given significance level

If HO is rejected: heteroscedasticity cannot be ignored and
corrections should be applied
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Testing the presence of heteroscedasticity
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The White test (1)

Starting point

m When n is large, if (A1)’ to (A5)’ are verified, then V(,BA’J) is
unbiased and inferences based on IC, t-stat, F-stat are valid
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Testing the presence of heteroscedasticity
0000080000

The White test (1)

Starting point

m When n is large, if (A1)’ to (A5)’ are verified, then V(,BA’J) is
unbiased and inferences based on IC, t-stat, F-stat are valid

m When nis large, if (Al)' to (A4)'are verified and {there is no
correlation between between the u® and x;, the x? and X; * x4}, then

V(B\J) is unbiased and inferences based on IC, t-stat, F-stat are valid
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Testing the presence of heteroscedasticity
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The White test (1)

Starting point

m When n is large, if (A1)’ to (A5)’ are verified, then V(,BA’J) is
unbiased and inferences based on IC, t-stat, F-stat are valid

m When nis large, if (Al)' to (A4)'are verified and {there is no
correlation between between the u® and x;, the x? and X; * x4}, then
V(B\J) is unbiased and inferences based on IC, t-stat, F-stat are valid

® In red: this weaker constraint replaces the assumption of
homoscedasticity and is actually sufficient
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Testing the presence of heteroscedasticity
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The White test (1)

Starting point

m When n is large, if (A1)’ to (A5)’ are verified, then V(,BA’J) is
unbiased and inferences based on IC, t-stat, F-stat are valid

m When nis large, if (Al)' to (A4)'are verified and {there is no
correlation between between the u® and x;, the x? and X; * x4}, then

V/(B;) is unbiased and inferences based on IC, t-stat, F-stat are valid
® In red: this weaker constraint replaces the assumption of
homoscedasticity and is actually sufficient
m The White test is based on this result
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Testing the presence of heteroscedasticity
O00000e000

The White test (2)

Let's write

B 02 = 0o+ 61x1 + Goxo + 83x2 + 84x3 + Ssx1x0 + error (k = 2) (iv)
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Testing the presence of heteroscedasticity
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The White test (2)

Let's write

] L/I\2 = 0o + 01x1 + Ooxo + (53X12 + 54X22 + 05x1X0 + error (k = 2) (IV)
m HO : all §; (except the constant) equal zero
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The White test (2)

Let's write

] L/I\2 = 0o + 01x1 + Ooxo + (53X12 + 54X22 + 05x1X0 + error (k = 2) (IV)
m HO : all §; (except the constant) equal zero
m We know how to implement this test
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The White test (2)

Let's write

] L/I\2 = 0o + 01x1 + Ooxo + (53X12 + 54X22 + 05x1X0 + error (k = 2) (IV)
m HO : all §; (except the constant) equal zero

m We know how to implement this test

m Drawbacks ?
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Testing the presence of heteroscedasticity
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The White test (2)

Let's write

B U2 = g + 61x1 + axz + 63x2 + 043 + Jsx1x2 + error (k = 2) (iv)
m HO : all §; (except the constant) equal zero

m We know how to implement this test

m Drawbacks ?

m If at a start kK = 2, # of paramters to estimate for the test amounts
to 5; If at a start k = 3, # of paramters to estimate for the test
amounts to 9; If at a start k = 6, # of paramters to estimate for the
test amounts to 27;
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The White test (2)

Let's write

B U2 = g + 61x1 + axz + 63x2 + 043 + Jsx1x2 + error (k = 2) (iv)
m HO : all §; (except the constant) equal zero

m We know how to implement this test

m Drawbacks ?

m If at a start kK = 2, # of paramters to estimate for the test amounts
to 5; If at a start k = 3, # of paramters to estimate for the test
amounts to 9; If at a start k = 6, # of paramters to estimate for the
test amounts to 27;

m Could be very demanding in dd/ !
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The White test (2)

Let's write

B U2 = g + 61x1 + axz + 63x2 + 043 + Jsx1x2 + error (k = 2) (iv)
m HO : all §; (except the constant) equal zero

m We know how to implement this test

m Drawbacks ?

m If at a start kK = 2, # of paramters to estimate for the test amounts
to 5; If at a start k = 3, # of paramters to estimate for the test
amounts to 9; If at a start k = 6, # of paramters to estimate for the
test amounts to 27;

m Could be very demanding in dd/ !

m An alternative is to synthetize the information using y and y? instead
of the X
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Testing the presence of heteroscedasticity
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The White test (2)

Let's write

B U2 = g + 61x1 + axz + 63x2 + 043 + Jsx1x2 + error (k = 2) (iv)
m HO : all §; (except the constant) equal zero

m We know how to implement this test

m Drawbacks ?

m If at a start kK = 2, # of paramters to estimate for the test amounts
to 5; If at a start k = 3, # of paramters to estimate for the test
amounts to 9; If at a start k = 6, # of paramters to estimate for the
test amounts to 27;

m Could be very demanding in dd/ !

m An alternative is to synthetize the information using y and y? instead
of the X

B 02 =+ 1y + 72y? + error (v)
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Testing the presence of heteroscedasticity
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The White test (2)

Let's write

B U2 = g + 61x1 + axz + 63x2 + 043 + Jsx1x2 + error (k = 2) (iv)
m HO : all §; (except the constant) equal zero

m We know how to implement this test

m Drawbacks ?

m If at a start kK = 2, # of paramters to estimate for the test amounts
to 5; If at a start k = 3, # of paramters to estimate for the test
amounts to 9; If at a start k = 6, # of paramters to estimate for the
test amounts to 27;

m Could be very demanding in dd/ !

m An alternative is to synthetize the information using y and y? instead
of the X

B 02 =+ 1y + 72y? + error (v)

B HO: v=7=0
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Testing the presence of heteroscedasticity
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The White test (3)

Steps for implementing the White test

Estimate (*) and save the residuals and the y

Estimate (v) and save the value of the R2

Compute the value of F (or of LM)

A Conclude at a given significance level

H If HO is rejected: heteroscedasticity cannot be ignored and
corrections should be applied
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Testing the presence of heteroscedasticity
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Let’s suppose HO is rejected. What do we do then ?
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Testing the presence of heteroscedasticity
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m Option 1: We estimate the model in OLS BUT we correct for V(B\J)
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Testing the presence of heteroscedasticity
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m Option 1: We estimate the model in OLS BUT we correct for V(B\J)
m Option 2: We estimate the model using weighted least square
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Testing the presence of heteroscedasticity
000000000 e

m Option 1: We estimate the model in OLS BUT we correct for V(B\J)
m Option 2: We estimate the model using weighted least square
m Both methods have drawbacks and advantages !
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OLS inference robust to heteroscedasticity
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OLS inference robust to heteroscedasticity
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OLS inference robust to heteroscedasticity
oeo

White robust standard errors

m We consider the model: y = 5y + Six1 + u
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OLS inference robust to heteroscedasticity
oeo

White robust standard errors

m We consider the model: y = 5y + Six1 + u
m We assume (A1)’ to (A4)’ are verified

Jean-Baptiste Guiffard (Telecom-Paris, CREST)

Econometrics - Heteroscedasticity



OLS inference robust to heteroscedasticity
oeo

White robust standard errors

m We consider the model: y = 5y + Six1 + u
m We assume (A1)’ to (A4)’ are verified

lThus,@:WW:ﬁl—i—

Y(x —X)u
Y(x —x)?2
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OLS inference robust to heteroscedasticity
oeo

White robust standard errors

m We consider the model: y = 5y + Six1 + u
m We assume (A1)’ to (A4)" are verified
5 _tx =Xl —y)  _
m Thus, 51 = T(x - %) or = [ +
m u are heteroscedastic

Y(x —X)u
Y(x —x)?2
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OLS inference robust to heteroscedasticity
oeo

White robust standard errors

m We consider the model: y = 5y + Six1 + u
m We assume (A1)’ to (A4)’ are verified

S S(x-®{y—7) E(x — X)u
Th = ———">""—"""or= e e——
= Thus O = TR T SRy
m u are heteroscedastic R
m Then, V(El) does not simplify to equal SCCT'_TX
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OLS inference robust to heteroscedasticity
oeo

White robust standard errors

m We consider the model: y = 5y + Six1 + u
m We assume (A1)’ to (A4)’ are verified

S S(x-®{y—7) E(x — X)u
Th = ———">""—"""or= e e——
= Thus O = TR T SRy
m u are heteroscedastic R
m Then, V(El) does not simplify to equal SCCT'_TX

Y (SCTx = V[u/x])
SCT?

» V(B) =
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OLS inference robust to heteroscedasticity
oeo

White robust standard errors

m We consider the model: y = 5y + Six1 + u
m We assume (A1)’ to (A4)’ are verified

S S(x-®{y—7) E(x — X)u
Th = ———">""—"""or= e e——
= Thus O = TR T SRy
m u are heteroscedastic R
m Then, V(El) does not simplify to equal SCCT'_TX

- V(B\l) _ Z(SC"I;S}_‘);[u/x])

m How estimate V(B\‘l) ?
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OLS inference robust to heteroscedasticity
oeo

White robust standard errors

m We consider the model: y = 5y + Six1 + u
m We assume (A1)’ to (A4)" are verified
5 _tx =Xl —y)  _
m Thus, 31 = Y(x - X2 or =1 +
m u are heteroscedastic

Y(x —X)u
Y(x —x)?2
~ L o?
m Then, V(,Bl() does not[5|/m;]);|fy to equal SCT.

~ >(SCTy * V[u/x
m How estimate V/(8;) ?

- = Y(SCT, +
m White (1980) suggests to measure V(1) with % {(not

demonstrated — for a discussion see p396 in Wooldridge (2013))}.
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OLS inference robust to heteroscedasticity
ooe

White robust standard errors (2)

m The corresponding standard errors are named White robust standard
errors.
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OLS inference robust to heteroscedasticity
ooe

White robust standard errors (2)

m The corresponding standard errors are named White robust standard
errors.

m If nis large, and if we use the White robust standard errors, the
t-stat (respectively, the F-stat, named Wald stat) follow a Student
distribution (respectively, a Fisher distribution) — inference is valid
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OLS inference robust to heteroscedasticity
ooe

White robust standard errors (2)

m The corresponding standard errors are named White robust standard
errors.

m If nis large, and if we use the White robust standard errors, the
t-stat (respectively, the F-stat, named Wald stat) follow a Student
distribution (respectively, a Fisher distribution) — inference is valid

m If nis NOT large, and if we use the White robust standard errors,
the t-stat may not follow a Student distribution — inference is not
valid
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OLS inference robust to heteroscedasticity
ooe

White robust standard errors (2)

m The corresponding standard errors are named White robust standard
errors.

m If nis large, and if we use the White robust standard errors, the
t-stat (respectively, the F-stat, named Wald stat) follow a Student
distribution (respectively, a Fisher distribution) — inference is valid

m If nis NOT large, and if we use the White robust standard errors,
the t-stat may not follow a Student distribution — inference is not
valid

m [—] If n large: report systematically the robust standard errors and
perform the usual tests, as usual (the command is automatized in
most statistical softwares)
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OLS inference robust to heteroscedasticity
ooe

White robust standard errors (2)

m The corresponding standard errors are named White robust standard
errors.

m If nis large, and if we use the White robust standard errors, the
t-stat (respectively, the F-stat, named Wald stat) follow a Student
distribution (respectively, a Fisher distribution) — inference is valid

m If nis NOT large, and if we use the White robust standard errors,
the t-stat may not follow a Student distribution — inference is not
valid

m [—] If n large: report systematically the robust standard errors and
perform the usual tests, as usual (the command is automatized in
most statistical softwares)

m [—] If n NOT large, prefer alternative methods
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Weighted e
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Weighted least square estimation
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Weighted e
0@000

The WLS estimator (1)

Starting point
By =00+ bixi+ Baxo+ () +u (*)
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Weighted e
0@000

The WLS estimator (1)

Starting point

my =P+ P+ Baxa + (o) + u (%)
m We assume (A1)’ to (A4)’ are verified
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Weighted e
0@000

The WLS estimator (1)

Starting point

my =P+ P+ Baxa + (o) + u (%)

m We assume (A1)’ to (A4)’ are verified

m We also assume that V(u/X) = E(u?/X) = E(u?) = 02 h(X) with
h(x) > 0 (since V()>0) (h(X) is assumed to be known)
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The WLS estimator (2)

m We show that
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The WLS estimator (2)

m We show that

- E(\/LE/X):O
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The WLS estimator (2)

m We show that

. E(ﬁ/x):o ( .
u o E(u? xh 5
= V(ﬁ/X) =E((—=)/X) = E((T) )= h =0

T
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The WLS estimator (2)

m We show that

- E(\%/X):O
4 ) = E((

Nl /;) E;(T)z); e
Yy 0 1 2
7 ﬁ+ﬁ X1+ —=

v

m Let's rewritte (*) :
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The WLS estimator (2)

m We show that

- E(\/LE/X):O

u B T 2 E(Uz)_Uz*h_Uz
V(ﬁ/X) = E((_f) /;) ;(f) ); =—p =
' : x . Y _ 2 A
m Let's rewritte (*) : \/E+\/F 1+\/FX2+( )+\/E(++)

m (A1)’ to (A4)" are still verified
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The WLS estimator (2)

m We show that

- E(\/LE/X):O

u - u - Lz_E(uz)_az*h_Uz
V(TE/X) = E((\/E) /X) = E((\/E) )= == =
m Let's rewritte (¥) : % = % + %Xl + %Xz + () + \/— (++)

m (Al) to (A4)" are still verified
m In this last model: V(\/LE/X) =07 i.e. (A5) is also verified

Jean-Baptiste Guiffard (Telecom-Paris, CREST)

Econometrics - Heteroscedasti



The WLS estimator (2)

m We show that

" E(2/X) =0 -
u u B Lz_Euz_az*h_Uz
V(/X) = E()/X) = E( ) = =3 = T =
m Let's rewritte (*) : Y = %+%x1+ 5%)@—1—( )+ \/_ (++)

m (Al) to (A4)" are still verified
m In this last model: V(\/LE/X) =07 i.e. (A5) is also verified

. . u .
m If we further assume that v in (*) is normal, then \/_E is normal,

then (A6)" is also verified
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The WLS estimator (2)

m We showuthat
n E(\Th/x):o
u - u - U _E(uz)_az*h_gz
V(X0 = E(2F/X) = () = = = T =

ﬁ/
m Let's rewritte (¥) : % = % + %Xl + %Xz + () + \/— (++)

m (Al) to (A4)" are still verified
m In this last model: V(\/LE/X) =07 i.e. (A5) is also verified

m If we further assume that v in (*) is normal, then \/LE is normal,
then (A6)" is also verified
m The hypothesis of the CLM being verified in (+4), we can estimate

it in OLS and obtain unbiased BAJ* (the coefficient in (++)) and
V(5 )
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The WLS estimator (2)

m We showuthat
n E(\Th/x):o
u - u - U _E(uz)_az*h_gz
V(X0 = E(2F/X) = () = = = T =

ﬁ/
m Let's rewritte (¥) : % = % + %Xl + %Xz + () + \/— (++)

m (Al) to (A4)" are still verified
m In this last model: V(\/LE/X) =07 i.e. (A5) is also verified

m If we further assume that v in (*) is normal, then \/LE is normal,
then (A6)" is also verified
m The hypothesis of the CLM being* verified in (++), we can estimate
it in OLS and obtain unbiased 3; (the coefficient in (++)) and
V(B
m Recall V(3;) are biased — prefer estimating (++)
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Weighted e
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The WLS estimator (3)

o~k
m (3; are named weighted least square estimates; there are an exemple
of what we call generalized least square estimates
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Weighted e
[e]e]e] lo}

The WLS estimator (3)

o~k

m (3; are named weighted least square estimates; there are an exemple
of what we call generalized least square estimates

m They inherit the interpretation of 3;
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Weighted e
[e]e]e] lo}

The WLS estimator (3)

[ ] @* are named weighted least square estimates; there are an exemple
of what we call generalized least square estimates

m They inherit the interpretation of 3;

m However the R2 in (4+) is not informative for (*)
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The WLS estimator (4)

m The estimation of (4++) is automatized in most statistical softwares;
we just need to specify h
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Weighted e
[e]e]e]e] }

The WLS estimator (4)

m The estimation of (4++) is automatized in most statistical softwares;
we just need to specify h

® In most cases, the definition of h remains arbitrary. What if h is
misspecified ? Still better to estimate (++) than (*)
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Weighted e
[e]e]e]e] }

The WLS estimator (4)

m The estimation of (4++) is automatized in most statistical softwares;
we just need to specify h
® In most cases, the definition of h remains arbitrary. What if h is
misspecified ? Still better to estimate (++) than (*)
m Apply the white correction method on (++) ?
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