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Introduction

So far, we have notably seen

OLS models that estimate the link between earnings and education

Likely: on a random sample of earners
Unlikely: on a random sample of the population
→ Who are those working ?

OLS models that estimate the differenciated effect on wage of junior
college education and of university education

If returns of junior college are found to be higher: is it because of
junior college education per se or because it selects the best students
?
→ Who attends junior college education ?

⇒ How deal with binary outcomes / choices ?
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Modelling binary choices

We can model binary outcomes using OLS models but they do have
some limitations

Most often: we use probit and logit models
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Exemple: Women’s labor force participation (US,
1975)
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The LPM: intuitions (1)

Descriptively, we find that 56.8% of women are in the labor market

This is the value of the constant in an OLS model regressing the
labor force participation on the constant

Jean-Baptiste Guiffard (Univ. Paris-1 Panthéon-Sorbonne)
Econometrics - The LPM, probit, logit models



Introduction The linear probability model (LPM) The probit and logit models

The LPM: intuitions (1)

Descriptively, we find that 56.8% of women are in the labor market
This is the value of the constant in an OLS model regressing the
labor force participation on the constant

Jean-Baptiste Guiffard (Univ. Paris-1 Panthéon-Sorbonne)
Econometrics - The LPM, probit, logit models



Introduction The linear probability model (LPM) The probit and logit models

The LPM: intuitions (2)
Women’s labor force participation by presence of children under 6 (US,
1975)
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The LPM: intuitions (3)
Women’s labor force participation by presence of children under 6 (US,
1975)

[→] Interpret parameters of the OLS model
Jean-Baptiste Guiffard (Univ. Paris-1 Panthéon-Sorbonne)
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The LPM model: specification

Let’s consider the linear model: y = β0 + β1x1 + β2x2 + (...) + u

We assume (A1)’ to (A4)’ are verified
How interpret the βj ?

E(y/x1, x2, ...xk) = β0 + β1x1 + β2x2 + (...)
Also, E(y/x1, x2, ...xk) = P(y = 1/x1, x2, ...xk) ∗ 1 + P(y =
0/x1, x2, ...xk) ∗ 0 = P(y = 1/x1, x2, ...xk)
Thus P(y = 1/x1, x2, ...xk) = β0 + β1x1 + β2x2 + (...)
And, P(y = 0/x1, x2, ...xk) = 1 − (β0 + β1x1 + β2x2 + (...))
→ Probability of success' or offailure’ are linear functions of the
xj (hence, the ‘linear probability’ model)

β1= ?

= △ P(y = 1/x1, x2, ...xk)
△ x1 : this is the change in the probability of

‘success’ following a change in x1 (ceteris paribus)
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The LPM model: coefficient interpretation (1)

[→] Interpret parameters of the OLS model
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The LPM model: coefficient interpretation (2)

[→] Interpret parameters of the OLS model
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The LPM model: intuitions of limits
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Limits of the LPM model: unplausible predicted
probabilities

From the graphic, it is clear that for some values of educ, we might
find predicted probability above 1

Yet the probabilities should lie within the range (0,1).
A solution is to truncate the probabilities at 0 or 1, so that a
probability of, say, 1.2, would be set to 1.
However, there are at least two reasons why this is still not adequate

risk that too many observations for which the estimated probabilities
are exactly zero or one.
how plausible is it to assume that a woman’s probability to work is
exactly 1 if she has a doctorate or close ?

Jean-Baptiste Guiffard (Univ. Paris-1 Panthéon-Sorbonne)
Econometrics - The LPM, probit, logit models
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risk that too many observations for which the estimated probabilities
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how plausible is it to assume that a woman’s probability to work is
exactly 1 if she has a doctorate or close ?
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Since y only takes two values, for given x , the disturbance term will
also only take on one of two values. Hence the error term cannot
plausibly be assumed to be normally distributed

ok if n large (see chapter in Wooldridge on inferences when n is
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→ We need to compute heteroscedasticity-robust standard errors
(we know how to do; see previous chapter)
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predict y

gen e=inlf -y
twoway (scatter e educ, sort)
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Introduction The linear probability model (LPM) The probit and logit models

Mathematical proof

y = xB + e

donc E(y|x) = xB car E(e|x) = 0
or E(y) = 1p(y=1) + 0p(y=0) = p(y=1)
donc E(y|x) = xB = p(Y=1|x)
d’un autre côté puisque Y est binaire
V(Y) = p(1-p)
vu que p=xB
on peut aussi ecrire que
V(Y) = xB*(1-xB)
et varie donc avec avec X
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Limits of the LPM model: conceptual ?

Model the binary outcome or the process underlying the realization
of the outcome ?
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The probit and logit models
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Introduction The linear probability model (LPM) The probit and logit models

Preliminary steps

y∗ = β0 + β1x1 + u

y = 1 if y∗ > 0 and 0 otherwise
y∗ is not observed but y is
Think of y∗ as the net utility associated with a decision
P(y = 1/x1) =?

= P(u > (−β0 − β1x1)/x1) =?
It depends on the distribution of u
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The logit and probit models: specifications

Two options in the litterature

u follows a normal distribution

P(u > (−β0 − β1x1)/x1) = 1 − Φ(−β0 − β1x1) = Φ(β0 + β1x1) with
Φ the cumulative normal distribution %which is symetric

u follows a logistic distribution

P(u > (−β0 − β1x1)/x1) = 1 − Λ(−β0 − β1x1) = Λ(β0 + β1x1) with
Λ the cumulative logistic distribution (which is symetric)
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The logit and probit models: specifications (2)

Probit model

P(y = 1/x1) = P(u > (−β0 − β1x1)/x1) = Φ(β0 + β1x1)

Logit model

P(y = 1/x1) = P(u > (−β0 − β1x1)/x1) = Λ(β0 + β1x1)
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The logit and probit models: specifications (3)

Logit and probit models will not produce predicted probabilities
above 1 (or below 0)

Logit and probit models are not linear (and cannot be made linear
by a transformation) and thus are not estimable using OLS
Instead, maximum likelihood is usually used to estimate the
parameters of the model
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Introduction The linear probability model (LPM) The probit and logit models

Estimation by maximum likelihood - Intuition

We seek β to ‘maximize’ the likelihood to observe our sample

Let’s write G(βX ) the cumulative distribution function (normal or
logistic)

We already know that the probability to observe yi = 1 equals
G(xiβ) and the probability to observe yi = 0 equals 1 − G(xiβ)
We note ℓi(β) the likelihood to observe i
ℓi(β) = G(Xiβ)yi ∗ [1 − G(xiβ)]1−yi with yi = (0; 1) \(check that if
y=1, ℓi(β) = G(Xiβ) and that if y=0, ℓi(β) = 1 − G(Xiβ))
The log-likelihood to observe i is
Log [ℓi(β)] = yiLog [G(xiβ)] + (1 − yi)Log [1 − G(xiβ)]
The log-likelihood to observe our entire sample is
ΣLog [ℓi(β)] = Σ[yiLog [G(xiβ)] + (1 − yi)Log [1 − G(xiβ)]]
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Introduction The linear probability model (LPM) The probit and logit models

Estimation by maximum likelihood - The probit and
logit estimators

We max ΣLog [ℓi(β)] = Σ[yiLog [G(xiβ)] + (1 − yi)Log [1 − G(xiβ)]]
(solved by computers since FO conditions imply to solve for k + 1
equations)

The β̂ that maximize ΣLog [ℓi(β)] with G the normal cumulative
distribution are named the probit estimator
The β̂ that maximize ΣLog [ℓi(β)] with G the logistic cumulative
distribution are named the logit estimator
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Introduction The linear probability model (LPM) The probit and logit models

Estimation by maximum likelihood - Properties of
the probit and logit estimators

The β̂ obtained by ML (under the hypothesis that u follows the assumed
distribution)

Are consistent

If n large, are efficient
If n large, are normally distributed
If n large, inferences are made using same tools as in OLS models

NB: Joint hypothesis tests are based on the Wald statistic which
follows a Khi2 distribution
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Introduction The linear probability model (LPM) The probit and logit models

Estimation by maximum likelihood - Application
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Introduction The linear probability model (LPM) The probit and logit models

How interpret the coefficient βj on xj ?

As we will see below, βj is not a marginal effect (∆P(yi = 1/xi )
∆xj

)
and cannot be interpreted as such
But βj is a component of the marginal effect of xj on the probability
of success
Precisely, βj multiplied by a factor that is always positive gives the
marginal effect of interest
So regarding βj , the only thing we can interpret is its sign (but not is
value since it does not measure a marginal effect)
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Introduction The linear probability model (LPM) The probit and logit models

Interpreting of probit/logit model results - Marginal
effects at the mean

Recall P(yi = 1/xi) = Φ(xiβ) (if a probit model)

If xj is continuous: ∆P(yi = 1/xi)
∆xj

= βjφ(xiβ) with φ the derivative

function of Φ and βj the probit coefficient on xj (indeed,
[g(f(x)]‘=f’g’)

The sign of ∆P(yi = 1/xi )
∆xj

is determined by the one of βj (since φ

>0)
∆P(yi = 1/xi )

∆xj
varies with the value of other x (usually we choose

the sample mean)

If x2 is discrete : its change is associated with a change in
P(yi = 1/xi) of the following amount
Φ(β0 +β1x1 +β2 ∗1+(...)+βkxk)−Φ(β0 +β1x1 +β2 ∗0+(...)+βkxk)

The marginal effect varies with the value of other x (usually we
choose the sample mean)
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Introduction The linear probability model (LPM) The probit and logit models

Application: marginal effect of one unit change in
education ?
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Application: marginal effect of one unit change in
education ? (manual computation)
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Introduction The linear probability model (LPM) The probit and logit models

Application: marginal effect of one unit change in
education ? \ (in logit)
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Introduction The linear probability model (LPM) The probit and logit models

Partial effects and slope estimate comparison

In probit: marginal effect of education, at the mean of other
variables equals 5.11 (coeff or slope estimate equals 0.13)

In logit: marginal effect of education, at the mean of other variables
equals 5.37 (coeff or slope estimate equals 0.22)

To make the logit and probit slope roughly estimates comparable, we
can either multiply the probit estimates by 1.6 (for instance,
0.13*1,6 = 0.21 ∼ 0.22), or multiply the logit estimates by .625

In LPM: marginal effect of education, ceteris paribus equals 3.79

We can divide the logit slope estimates by 4 and the probit slope
estimates by 2.5 to make them roughly comparable to the LPM
estimates (for instance, 0.13/2,5 = 0,052 ∼ 3.8 . . . )
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Fundamental difference between probit (logit)
coefficient and lpm coefficient

LPM: constant marginal effect (3.79 for education)

Probit (or logit): non-constant marginal effect
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Introduction The linear probability model (LPM) The probit and logit models

Fundamental difference between probit (logit)
coefficient and lpm coefficient (2)

LPM: predicted probability to participate to the labor force with 8
years of education = 0.405

This result comes from replacing the variable years of education by 8
in the LPM equation (for other variables, we take the mean)
Predicted effect of having 9 years of education compared to 8 on the
same outcome: 0.405 + 0.0379
Predicted difference in labor market participation between two
average individuals except one has 16 years of education and the
other has 15: + 0.0379 too (since constant marginal effect)

Probit : predicted probability to participate to the labor force with 8
years of education = 0.365. This result comes from

first, computing Φ(β0 + β1 ∗ x1 + β2 ∗ 0 + (...) + βkxk) with x2
measuring years of education (mean values for other variables)
second,computing
Φ(β0 +β1 ∗x1 +β2 ∗8+(...)+βkxk)−Φ(β0 +β1x1 +β2 ∗0+(...)+βkxk)
third, summing the two values
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Introduction The linear probability model (LPM) The probit and logit models

Fundamental difference between probit (logit)
coefficient and lpm coefficient (3)

Probit: Predicted difference in labor market participation between
two average individuals one with 9 years of education and one with 8
years of education?

we compute
Φ(β0+β1∗x1+β2∗9+(...)+βkxk)−Φ(β0+β1x1+β2∗8+(...)+βkxk) =
0.050

Probit: Predicted difference in labor market participation between
two average individuals one with 16 years of education and one with
15 years of education?
we compute Φ(β0 + β1 ∗ x1 + β2 ∗ 16 + (...) + βkxk) − Φ(β0 +
β1x1 + β2 ∗ 15 + (...) + βkxk) = 0.043}
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Introduction The linear probability model (LPM) The probit and logit models

Fundamental difference between probit (logit)
coefficient and lpm coefficient (4)

Computation for each margin . . . }
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Introduction The linear probability model (LPM) The probit and logit models

Fundamental difference between probit (logit)
coefficient and lpm coefficient (5)
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Introduction The linear probability model (LPM) The probit and logit models

MLE and OLS estimator

Remarks

Note that to estimate β using the OLS method, we do not need u to
follow any distribution (we need u to follow a normal distribution for
inference)

To obtain β using the ML method, we need u to follow either a
normal distribution or a logistic (if this is not the case, then we are
not sure what the β measure)
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Introduction The linear probability model (LPM) The probit and logit models

Final remark (1): marginal effect of one unit change
in experience ?

Be careful ! experience is entered in a non-linear way. To compute its
marginal effect, we need to re-write the model !
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Introduction The linear probability model (LPM) The probit and logit models

Goodness of fit - Predicted outcomes versus realized
outcomes

predict phat2

gen p=phat2>0.5
tab p inlf, cell
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Introduction The linear probability model (LPM) The probit and logit models

Goodness of fit - The pseudo R2

= 1 − ΣLog [ℓi(β)]uc
ΣLog [ℓi(β)]c

Note that if the model has no explanatory power, then
ΣLog [ℓi(β)]uc=ΣLog [ℓi(β)]c and the pseudo R2 = 0
In contrast if the model does very well – predict 1 for all
observations with y=1 and predict 0 for all observations with y=0 –,
then the log likelihood of the unrestricted model will approach 0 and
the pseudo-R2 the unit)
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Application: Determinants of private school
enrolment in India

→ TD
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